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Abstract
We show that all known 6D SCFTs can be obtained iteratively from an underlying set
of UV progenitor theories through the processes of “fission” and “fusion.” Fission consists
of a tensor branch deformation followed by a special class of Higgs branch deformations
characterized by discrete and continuous homomorphisms into flavor symmetry algebras.
Almost all 6D SCFTs can be realized as fission products. The remainder can be constructed
via one step of fusion involving these fission products, whereby a single common flavor
symmetry of decoupled 6D SCFTs is gauged and paired with a new tensor multiplet at
the origin of moduli space, producing an RG flow “in reverse” to the UV. This leads to
a streamlined labeling scheme for all known 6D SCFTs in terms of a few pieces of group
theoretic data. The partial ordering of continuous homomorphisms su(2) → gflav for gflav a
flavor symmetry also points the way to a classification of 6D RG flows.
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1 Introduction
One of the central themes of quantum field theory (QFT) is the dynamics of a physical system
at short versus long distance scales. Starting from a fixed point of the renormalization group
(RG), it is often possible to perturb the system, thereby reaching a new fixed point at long
distances. An outstanding open question is to understand the possible “UV progenitors” of
a given IR fixed point. From this perspective, it is natural to ask whether it is possible to
determine the full network of possible connections between such fixed points.
This is clearly an ambitious goal, and in many cases, the best one can hope to do is provide
a coarse partial ordering of conformal field theories (CFTs) by a few numerical quantities,
such as the Euler conformal anomaly in even dimensions (see e.g. [1–3]). Indeed, the sheer
number of quantum field theories which are known is enormous and even determining a full
list of conformal fixed points remains a major area of investigation.
Perhaps surprisingly, this issue is tractable for 6D superconformal field theories (SCFTs).
The reason is that to even construct examples of such theories, a number of delicate con-
ditions need to be satisfied. Long thought not to exist, the first examples of such theories
generated via string theory appeared in references [4,5] (for the SCFT interpretation of these
constructions, see [6]), and by now there is a systematic method to construct and study such
models via F-theory on singular elliptically fibered Calabi-Yau threefolds [7–9]. This method
of construction appears to encompass all previously known methods for realizing 6D SCFTs,
and suggests that this geometric classification is likely complete.1 For a review of a top down
approach to the construction of 6D SCFTs in F-theory, see reference [16].
One of the main results from references [7, 9] is that there is a rather rigid structure
for such F-theory realized 6D SCFTs. All known theories admit a tensor branch. After
deformation onto a partial tensor branch, i.e., by giving expectation values to those tensor
multiplet scalars which canonically pair with ADE gauge algebras (with F-theory fiber types
In, I
∗
n and II
∗, III∗, IV ∗), the 6D field theory resembles a generalization of a quiver, with a
single spine of gauge groups connected by generalizations of hypermultiplets known as “6D
conformal matter” [8,17]. With this list of theories in place, more refined questions become
accessible such as the possible interconnections associated with deforming one fixed point to
another. This circle of ideas has been developed in references [18–22].
There are two basic ways to flow to a new fixed point in six dimensions whilst pre-
serving N = (1, 0) supersymmetry involving the geometric operations of complex structure
deformations of the Calabi-Yau threefold and Ka¨hler deformations of the base of the elliptic
threefold. A complex structure deformation corresponds to motion on the Higgs branch,
while a Ka¨hler deformation specifies a tensor branch deformation. This is corroborated both
1A potential caveat to this statement is that there might exist theories without a tensor branch of moduli
space, whereas all known theories have such a branch (for some discussion of this possibility, see e.g. [10,11]).
Additionally, one must also allow for “frozen” F-theory backgrounds (see e.g. [12–14]). This adds a small
number of additional examples, but all can be understood as quotients of a geometric phase of F-theory [15].
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in holography [23] and field theory [24], which shows that the only supersymmetric flows
between 6D SCFTs are via operator vevs.
To a large extent, the F-theory approach to 6D SCFTs is especially well suited to the
study of tensor branch flows. This is because the classification results of reference [9] explic-
itly list the structure of the tensor branch, and the earlier reference [7] classifies the resulting
singular geometries after blowdown of all compact curves in the base.
Higgs branch flows can be understood as deformations of the minimal Weierstrass model,
but explicitly characterizing admissible deformations of the geometry is still a challenging
task. Reference [8] proposed that many such deformations can be understood in algebraic
terms, either as nilpotent orbits in a semi-simple Lie algebra, or as homomorphisms from
finite subgroups of SU(2) to the group E8. One of the interesting features of nilpotent orbits
is that they automatically come with a partial ordering, and indeed, this ordering matches
up (contravariantly) with Higgs branch flows [20,22].
A priori, there could be many RG flow trajectories from a pair of UV / IR theories.
Using our geometric characterization of 6D SCFTs, we find that if such flows exist, there
is a trajectory in which one first moves on the tensor branch, and only then moves on the
Higgs branch. Of course, there may be other trajectories to the same fixed point and these
can involve an alternating sequence of tensor and Higgs branch flows.
Given the uniform quiver-like structure for most 6D SCFTs on a (partial) tensor branch,
it is perhaps not altogether surprising that there is an underlying set of common progenitor
theories for nearly all 6D SCFTs. In M-theory terms, these are the theory of k small
instantons probing a C2/ΓADE orbifold singularity filled by an E8 nine-brane wall. Here,
ΓADE ⊂ SU(2) is a finite subgroup, as classified by the ADE series. In F-theory terms, these
configurations are given by a collection of k collapsing curves wrapped by gADE 7-branes
according to the configuration:
[E8],
gADE
1 ,
gADE
2 , ...,
gADE
2︸ ︷︷ ︸
k
, [GADE], (1.1)
where here, we have a single self-intersection −1 curve and (k − 1) self-intersection −2
curves which intersect as indicated in the diagram. The bracketed groups on the left and
right indicate flavor symmetries of the SCFT.2 We call this the rank k theory of (E8, GADE)
orbi-instantons. The F-theory description of these models was studied first in reference [25].
We find that nearly all 6D SCFTs with a quiver-like description can be described in two
steps:
• Step 1: Either perform a tensor branch flow of an (E8, GADE) orbi-instanton theory, or
keep the original tensor branch.
2There is also an SU(2)L flavor symmetry, which is more manifest in the heterotic picture.
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• Step 2: Perform a “homplex deformation” namely a Higgs branch flow associated with
decorating the left and right of the new theory with algebraic data such as a choice of
nilpotent orbit or discrete group homomorphism ΓADE → E8 with ΓADE ⊂ SU(2) a
finite subgroup.
At the very least, this allows us to understand the vast majority of 6D SCFTs as flows
from a very simple underlying set of progenitor theories. Because the underlying process of
a tensor branch flow often produces more than one decoupled SCFT in the IR, we refer to
the above process as “fission.”
But some theories do not arise as a fission product of (E8, GADE) orbi-instantons. Rather,
they involve moving back to the UV via an operation we call “fusion.” This involves taking
at least one 6D SCFT, but possibly multiple decoupled 6D SCFTs, gauging a common flavor
symmetry, and pairing the new non-abelian vector multiplet with a tensor multiplet with
scalar sent to the origin of moduli space. Taking the full list of fusion products, we obtain
theories already encountered (via fission from the theory of (E8, GADE) orbi-instantons) as
well as a new class of UV progenitor theories.
Starting from such fusion products we can in principle iterate further by additional tensor
branch flows and Higgs branch deformations. A priori, the combination of fission and fusion
operations could then lead to a wild proliferation in possible IR fixed points.
However, we find exactly the opposite. After precisely one fission step of an (E8, GADE)
orbi-instanton and then possibly one fusion of such decay products, we obtain all known 6D
SCFTs. Already after one fission step one obtains almost all theories, in a certain sense we
will make precise below. This yields a remarkably streamlined characterization of 6D SCFTs
from a simple class of UV progenitor theories.
With these results in hand, we can also return to the original motivation for this work:
the classification of supersymmetric 6D RG flows. The results we obtain provide a nearly
complete characterization of ways to connect a UV theory with candidate IR theories, though
we do find some examples of complex structure deformations which do not descend from a
homplex deformation in the sense of “Step 2” outlined above. Instead, these deformations
spread across the entire generalized quiver, correlating the flavor symmetry breaking pattern
on the two sides. These deformations are associated with semi-simple (that is, their matrix
representatives are diagonalizable) elements of the complexified flavor symmetry. We find
that for generic quiver-like theories, there is again a canonical ordering of such semi-simple
elements, as dictated by breaking patterns of gauge groups on the partial tensor branch.
The rest of this paper is organized as follows. First, in section 2 we outline the general
operations of fission and fusion for 6D SCFTs in F-theory. Section 3 shows that the vast
majority of quiver-like 6D SCFTs are actually fission products of a small set of UV progenitor
theories. In section 4 we turn to theories generated by fusion, illustrating that in fact all 6D
SCFTs can be realized from at most one fission and fusion operation. Section 5 discusses
how the results of previous sections point the way to a systematic treatment of 6D RG flows.
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Figure 1: Depiction of fission and fusion for 6D SCFTs. Fission consists of first performing
a tensor branch deformation, which is then followed by a specialized Higgs branch deforma-
tion associated with either a continuous su(2) → gflav homomorphism or a homomorphism
ΓADE → E8, with ΓADE a finite subgroup of SU(2). In F-theory, these specify a restricted
class of complex structure deformations which we refer to as “homplex deformations.” Fusion
corresponds to gauging a flavor symmetry of at least one, but possibly several decoupled 6D
SCFTs and pairing this gauge symmetry with a tensor multiplet. A new SCFT is generated
by tuning this new tensor multiplet to the origin of moduli space. Quite surprisingly, all 6D
SCFTs can be obtained from a single fission step or as the fusion of fission products obtained
from a small number of UV progenitor theories. Moreover, in a sense we will make precise
below, almost all theories can be generated by fission alone.
We conclude in section 6 and discuss some avenues for future investigation.
2 Fission and Fusion for 6D SCFTs
In this section we introduce two general operations for 6D SCFTs which we refer to as fission
and fusion. Fission corresponds to a tensor branch deformation followed by a Higgs branch
deformation characterized by discrete or continuous homomorphisms. Fusion corresponds
to weakly gauging a common flavor symmetry of some decoupled SCFTs, pairing the new
vector multiplets with a tensor multiplet (to cancel gauge anomalies) and going to the origin
of tensor branch moduli space.
To begin, let us briefly review some of the salient features of the geometric realization of
6D SCFTs via backgrounds of F-theory. Following [7], we introduce an elliptically fibered
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Calabi-Yau threefold X → B in which the base B is non-compact. Recall that on a smooth
base, we specify a minimal Weierstrass model via:
y2 = x3 + fx+ g, (2.1)
with f and g sections of K−4B and K
−6
B .
For the purposes of constructing 6D SCFTs, we seek configurations of simultaneously
contractible curves in the base B. A smooth base is constructed by joining the non-Higgsable
clusters of reference [26] with −1 curves according to the specific SCFT gluing rules explained
in reference [7]. In the limit where all curves in the configuration collapse to zero size, we
obtain a 6D SCFT. The classification results of reference [7] determined that all such singular
limits for B lead to orbifolds of the form C2/ΓU(2) for specific finite subgroups ΓU(2) ⊂ U(2).
The presentation of the Weierstrass model in this singular limit is [27,28]:
y2 = x3 + fΓU(2)x+ gΓU(2) , (2.2)
where the Weierstrass model parameters fΓU(2) and gΓU(2) , as well as x and y transform as
ΓU(2) equivariant sections under the group action. Explicitly, if we take elements γ ∈ ΓU(2)
which act on local C2 coordinates (s, t) via (s, t) 7→ (γs(s, t), γt(s, t)), the transformation
rules for the ΓU(2) equivariant sections of the Weierstrass model are:
x 7→ (det γ)2 x (2.3)
y 7→ (det γ)3 y (2.4)
f(s, t) 7→ (det γ)4 f(γs(s, t), γt(s, t)) (2.5)
g(s, t) 7→ (det γ)6 g(γs(s, t), γt(s, t)). (2.6)
In this presentation, non-abelian flavor symmetries are associated with non-compact com-
ponents of the discriminant locus; that is, they involve 7-branes wrapped on non-compact
curves. Sometimes, a 6D SCFT may have a different flavor symmetry from what is indicated
by the Weierstrass model.
Reference [9] classified 6D SCFTs by determining all possible F-theory backgrounds which
can generate a 6D SCFT. This was achieved by first listing all configurations of simultane-
ously contractible curves, and then listing all possible elliptic fibrations over each correspond-
ing base.
The two presentations have their relative merits and provide complementary perspectives
on possible deformations of the geometry, which in turn describe RG flows to new fixed points.
Starting from an F-theory model on a smooth base with a contractible configuration of
curves, we reach the singular limit described by an orbifold singularity by blowing down all
curves of self-intersection −1. Doing so shifts the self-intersection numbers of curves which
intersect such −1 curves which can in turn generate new curves of self-intersection −1 after
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blowdown. Iterating in this way, one reaches an “endpoint configuration” in which no −1
curves remain, that is to say, all remaining curves have self-intersection −m with m > 1.
The structure of these endpoint configurations were completely classified in reference [7], and
have intersection pairings which are natural generalizations of the ADE series associated with
Kleinian singularities. In what follows, we shall often have special need to reference the total
number of curves in an endpoint configuration, which we denote by `end, in the obvious
notation. For example, in an A-type endpoint configuration we have:
m1, ...,m`end︸ ︷︷ ︸
`end
. (2.7)
Our plan in the remainder of this section will be to characterize the geometric content
of RG flows for 6D SCFTs. We begin with a discussion of tensor branch and Higgs branch
deformations, and then turn to the specific case of fission and fusion operations.
2.1 Tensor Branch Deformations
Tensor branch deformations correspond in the geometry to performing a blowup of the base
B. Recall that for any base B, we blowup at a point p of B by introducing the space B×P1
and defining a new space BlpB by the hypersurface:
u˜vB + v˜uB = 0, (2.8)
where [u˜, v˜] define homogeneous coordinates on the P1 factor and (uB, vB) are two sections of
some bundle defined on B which have a zero at the point p. After the blowup the canonical
class of BlpB is:
KBlpB = KB + Enew, (2.9)
where Enew denotes the class of our new exceptional divisor, and the Weierstrass coefficients
f and g are now sections of K−4BlpB and K
−6
BlpB
.
We can consider more elaborate sequences of blowups by introducing additional P1 fac-
tors, and in iterating in this way, we can view the new base as the intersection of varieties
in the ambient space:
B(m) = B × P1 × ...× P1︸ ︷︷ ︸
m
, (2.10)
where m indicates the number of blowups of the original base.
This presentation is especially helpful when we work in terms of a base given by an
orbifold C2/ΓU(2) and provides one way to implicitly specify the new Weierstrass model after
a tensor branch flow. Of course, we can also work with all curves at finite size, and then
we can simply indicate which of these curves is to be decompactified at each stage. The
disadvantage of this description is that it does not provide us with an explicit Weierstrass
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model for the global geometry, only one which is implicitly specified patch by patch.
2.2 Homplex Higgs Branch Deformations
Higgs branch deformations are characterized by perturbations (δf, δg) in the Weierstrass
model:
y2 = x3 + (f + δf)x+ (g + δg), (2.11)
such that the elliptic fibration becomes less singular after applying such a perturbation. In
the cases we shall consider in this paper, there is a close interplay between breaking patterns
of a flavor symmetry gflav, and the associated unfolding of the singular fibration. Recall
that for generic unfoldings of a singularity, one specifies a Cartan subalgebra of gflav. Then,
following the procedure in [29], we can read off the unfolding of the singularity (see also [30]).
Many Higgs branch deformations of 6D SCFTs can be understood in terms of algebraic
data associated with breaking patterns of the flavor symmetry, and we refer to this special
class of deformations as “homplex” Higgs deformations, since they reference homomorphisms
into the flavor symmetry algebra.
There are two cases in particular which figure prominently in the study of RG flows for
6D SCFTs:
• Continuous homomorphisms su(2)→ gflav.
• Group homomorphisms ΓADE → E8 with ΓADE a finite subgroup of SU(2).
Continuous homomorphisms su(2) → gflav are all labeled by the orbits of nilpotent ele-
ments in gflav. Given a nilpotent element µ ∈ gflav, there is a corresponding su(2) algebra,
as defined by µ, µ† and the commutator [µ, µ†]. Even though a nilpotent element defines a
T-brane deformation3 of the SCFT [8] (see also [20, 22, 42]), the commutator [µ, µ†] is also
a generator in the Cartan subalgebra, and can therefore be identified with some unfolding
of the singularity.4 For classical flavor symmetry algebras of su, so, sp-type, we can label
an orbit by a partition of integers [µa11 , ..., µ
ak
k ], where we take µ1 > ... > µk, and ai > 0
indicates the multiplicity of a given integer. We shall also use the notation µ(m) to denote
a partition for the integer m, and µT to denote the transpose of the Young diagram. For
so, sp additional restrictions on admissible partitions apply. For the exceptional algebras,
we instead use the Bala–Carter labels of a nilpotent orbit. See e.g. [43] as well as [44] for
additional details on nilpotent orbits.
3For a partial list of references to T-branes in F-theory see e.g. [31–42].
4There are also many elements in the Cartan subalgebra which do not specify nilpotent elements, and
in principle a full study of possible Higgs branch flows would need to also address these different cases. In
general, an element γ of a semi-simple Lie algebra g can be decomposed into a semi-simple (meaning its
matrix representations are diagonalizable) and nilpotent piece: γ = γsemi + γnilp. In the context of Higgs
branch flows for 6D SCFTs, such semi-simple deformations correlate deformations in a non-local way across
a generalized quiver. We shall return to some properties of such semi-simple flows in section 5.
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Concretely, the theories associated to a given nilpotent Higgsing can be found by a variety
of methods. For the su case, a simple combinatorial method is available, summarized for
example in [21] and ultimately going back to [45, 46]. For the other Lie algebras, one can
proceed for example by examining all the possible Higgs RG flows, and matching the resulting
partial ordering to the partial ordering of nilpotent orbits via (Zariski) closure of orbits in
the corresponding Lie algebra. We refer the reader to [20] for many examples of nilpotent
Higgsing, including all the theories with 2 . . . 2 endpoint; we will see some further examples
in sections 3.4 and 3.5.5 So at least for this partial list of Higgs branch deformations, there
is a classification of RG flows available.
The other algebraic data which prominently features in our analysis of Higgs branch
deformations comes from discrete group homomorphisms ΓADE → E8 with ΓADE ⊂ SU(2)
a finite subgroup. This shows up most naturally in the theory of heterotic small instantons
placed at an orbifold singularity C2/ΓADE, and possible boundary conditions for the small
instanton are specified by elements of Hom(pi1(S
3/ΓADE), E8) ' Hom(ΓADE, E8), each of
which corresponds to an RG flow. Many examples of theories obtained via this Higgsing
were found in section 7 of reference [9], and an algorithm was proposed in [47,48]. Again we
will see some examples in section 3.4.
There is no known purely mathematical partial ordering for such homomorphisms, but
it is expected based on physical considerations. At a crude level, we can see that at least for
those discrete group homomorphisms which define the same breaking pattern as a continuous
su(2) → e8 homomorphism, we can simply borrow the partial ordering for nilpotent orbits.
The subtlety in this approach is that there are more discrete group homomorphisms than
continuous su(2)→ e8 homomorphisms.
Indeed, the appearance of these discrete homomorphisms is considerably more delicate
than their continuous group counterparts. For example, they only make an appearance in
the special case where a collapsing −1 curve enjoys an E8 flavor symmetry (which may be
emergent at the fixed point). In all other cases where we have a curve of self-intersection −n
with n > 1 which enjoys an emergent flavor symmetry gflav, the algebraic data of a Higgs
branch flow will always be associated with a continuous homomorphism su(2)→ gflav.
Putting this together, we see that instead of specifying all possible deformations of the
Weierstrass model, we can summarize many theories by algebraic data. An additional benefit
of this description is that the partial ordering for nilpotent orbits coincides with that for 6D
RG flows.
5Moreover, the dimensions of the orbits also match with anomaly and moduli space arguments [22]; in
the so case, one can use this fact to provide a more direct combinatorial map between nilpotent elements
and Higgsed theories.
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2.3 Fission
A general RG flow trajectory may consist of several steps of tensor branch and Higgs branch
deformations. The basic RG flow move we shall be interested in for much of this paper is
“fission” which we define as a tensor branch deformation followed by a homplex deformation
in the sense defined in the previous section (namely, by decoration by either discrete or
continuous homomorphisms of the flavor symmetry algebra). Note that we also allow the
tensor branch and Higgs branch deformation steps to be trivial, i.e., the case where we do
no deformation at all.
The reason for the terminology is that after a tensor branch flow, we often get decoupled
6D SCFTs. As an illustrative example, consider the F-theory model with partial tensor
branch:
[E8],
e8
2, ...,
e8
2︸ ︷︷ ︸
kL
,
e8
2,
e8
2, ..,
e8
2︸ ︷︷ ︸
kR
, [E8], (2.12)
which is also described by k = kL+kR M5-branes probing an E8 singularity. Decompactifying
the middle −2 curve yields two decoupled theories in the deep IR:
Example of Fission
[E8],
e8
2, ...,
e8
2︸ ︷︷ ︸
kL
,
e8
2,
e8
2, ..,
e8
2︸ ︷︷ ︸
kR
, [E8] → [E8],
e8
2, ...,
e8
2︸ ︷︷ ︸
kL
, [E8]⊕ [E8],
e8
2, ..,
e8
2︸ ︷︷ ︸
kR
, [E8]. (2.13)
We can then perform a further Higgs branch deformation associated with a nilpotent orbit
for each of our four E8 factors (an analog of beta decay in nuclear physics). Clearly, this
is a “fission operation.” We will show in section 3 that nearly all 6D SCFTs can be viewed
as a fission product from an (E8, GADE) orbi-instanton theory with partial tensor branch
description:
[E8],
gADE
1 ,
gADE
2 , ...,
gADE
2︸ ︷︷ ︸
k
, [GADE]. (2.14)
In the case where there is no tensor branch flow, the algebraic Higgs branch deformations
will be labeled by a discrete homomorphism ΓADE → E8 on the left (associated with the −1
curve touching the E8 factor) and with a continuous homomorphism su(2) → gADE on the
right.
2.4 Fusion
We can also consider reversing the direction of an RG flow via a procedure we refer to as a
“fusion operation.” We define this as gauging a flavor symmetry for at least one, but possibly
multiple decoupled SCFTs, and introducing a single tensor multiplet in order to cancel the
corresponding gauge anomalies. Going to the origin of the tensor branch then takes us to
a new 6D SCFT which can clearly flow (after a tensor branch deformation) via a fission
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operation back to the original set of decoupled SCFTs. As an example, consider the reverse
of the fission operation in the example of line (2.13):
Example of Fusion
[E8],
e8
2, ...,
e8
2︸ ︷︷ ︸
kL
, [E8]⊕ [E8],
e8
2, ..,
e8
2︸ ︷︷ ︸
kR
, [E8] → [E8],
e8
2, ...,
e8
2︸ ︷︷ ︸
kL
,
e8
2,
e8
2, ..,
e8
2︸ ︷︷ ︸
kR
, [E8]. (2.15)
Having defined the basic operations of fission and fusion, we now systematically study
fission and fusion in 6D SCFTs.
3 Nearly all 6D SCFTs as Fission Products
In this section we show that nearly all 6D SCFTs can be realized as fission products of a
handful of progenitor theories. We note that after excluding models with a D-type endpoint,
this includes all theories with a semi-classical holographic dual. To accomplish this, we
briefly review some elements of the classification results in reference [9]. We recall that the
generic 6D SCFT can, on a partial tensor branch, be described in terms of a generalized
quiver-like theory. We will establish in this section that these quiver-like theories all descend
from the fission of a simple class of progenitor theories labeled by the (E8, GADE) rank k
orbi-instanton theories.
This section is organized as follows. First, we briefly review the structural elements of 6D
SCFTs, particularly as quiver-like gauge theories. We then introduce our progenitor theories
and subsequently show that the products of fission from these progenitors yields nearly all
6D SCFTs.
3.1 The Quiver-like Structure of 6D SCFTs
One of the main results of reference [9] is that the classification of 6D SCFTs which can
be obtained from F-theory backgrounds can be split into two steps. The first involves a
classification of bases, and subsequently, we can consider all possible ways of decorating a
given base by singular elliptic fibers. Quite remarkably, all bases resemble, on a partial
tensor branch, a quiver-like gauge theory. The main idea here is to split up configurations of
curves according to the algebra supported on a non-Higgsable cluster. In particular, we have
“nodes” composed of the D / E-type algebras and corresponding self-intersection number −4,
−6, −7, −8, −12, with the remaining non-Higgsable clusters, as well as the −1 curves used to
build conformal matter “links” connecting the nodes. We can also extend this classification
terminology to include nodes where we have a −2 curve and a split Im fiber (i.e. a 7-brane
with su(m) algebra) over a curve. In what follows, we can consider a quiver-like theory to be
one which admits a partial tensor branch with any of the ADE algebras over these curves.
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The resulting structure for all 6D SCFTs obtained in [9] is of the form
[G0]−
|
G1 −
|
G2 − ...−Gmax − ...−Gmax︸ ︷︷ ︸
`plat
− ...−
|
G`quiv−1 −
|
G`quiv − [G`quiv+1], (3.1)
where the Gi are ADE gauge group nodes, and the links “−” are so-called “conformal matter”
theories [7, 8, 17].6 For example, the conformal matter theories connecting two copies of the
same group are given by:
e8: [E8], 1, 2,
sp1
2 ,
g2
3 , 1,
f4
5, 1,
g2
3 ,
sp1
2 , 2, 1, [E8] (3.2a)
e7: [E7], 1,
su2
2 ,
so7
3 ,
su2
2 , 1, [E7] (3.2b)
e6: [E6], 1,
su3
3 , 1, [E6] (3.2c)
so2m: [SO2m],
spm−4
1 , [SO2m] (3.2d)
sum: [SUm], [SUm]. (3.2e)
In line (3.1), generically (i.e. for `quiv sufficiently large) only the two leftmost and two
rightmost nodes can attach to more than two links. We shall refer to `quiv as the number of
ADE gauge group nodes. An additional feature is a nested sequence of containment relations
for the associated Lie algebras on each node. For some i such that 1 ≤ imid ≤ `quiv, we have:
g1 ⊆ ... ⊆ gimid ⊇ ... ⊇ g`quiv , (3.3)
so we can also assign the data gmax, a maximal gauge algebra to each such theory. In many
6D SCFTs, this maximal algebra will appear repeatedly on the “plateau” of a sequence of
gauge algebras, and we label this quantity as `plat. Because of the generic structure of such
quiver-like theories, it will also prove convenient to consider the “analytic continuation” of a
given type of quiver to `plat = 0 and even `plat = −1. We can do so when the structure of the
ramps of gauge algebras on the left and right admit such an extension. We stress that this
is just a matter of notation, and we do not entertain a “negative number of gauge groups”
as a physically meaningful notion.
Now, the structure of line (3.1) becomes most uniform when the number of gauge nodes
is sufficiently large. There are also 6D SCFTs which contain no gauge nodes whatsoever,
and are purely built from links (which were also classified in reference [9]). These often do
not fit into regular patterns of the kind already introduced, but as we will shortly show, they
can all instead be viewed as the results of fusion operations.
With these elements in place, let us now turn to the progenitor theories which produce,
via fission, nearly all 6D SCFTs.
6See also earlier work by [49,25,26].
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3.2 Progenitor Theories
We now introduce a small special class of progenitor theories from which we construct nearly
all 6D SCFTs as fission products. The theories in question are the (E8, GADE) rank k orbi-
instanton theories with partial tensor branch description:
[E8],
gADE
1 ,
gADE
2 , ...,
gADE
2︸ ︷︷ ︸
k
, [GADE], (3.4)
which we label as T orb-inst(k) [E8, GADE]. The heterotic description corresponds to k small
instantons probing a C2/ΓADE singularity filled by an E8 9-brane.
The F-theory description was worked out in reference [25] (see also [8]), and the minimal
Weierstrass models are:
T orb-inst(k) [E8, E8] : y2 = x3 + s4t4x+ s5t5(s+ αtk) (3.5)
T orb-inst(k) [E8, E7] : y2 = x3 + s4t3x+ s5t5(s+ αtk) (3.6)
T orb-inst(k) [E8, E6] : y2 = x3 + s4t3x+ s5t4(s+ αtk) (3.7)
T orb-inst(k) [E8, SO2m] : y2 = x3 + 3s4t2(−1 + tm−4)x+ 2s5t3(s+ αtk) (3.8)
T orb-inst(k) [E8, SUm] : y2 = x3 + 3s4(−1 + tm)x+ 2s5(s+ αtk), (3.9)
where α is a complex parameter which plays no role in the 6D SCFT. In the last two lines,
additional tuning is necessary in f and g of the Weierstrass model to realize a type I∗m−4 and
type Im Kodaira fiber along t = 0.
3.3 Fission Products
We now demonstrate that nearly all 6D SCFTs can be obtained as fission products of this
simple class of progenitor theories in lines (3.5)–(3.9). To show this, consider a generic 6D
SCFT on its partial tensor branch, as characterized by (3.1).
Our primary claim is that there exists an (E8, Gmax) orbi-instanton progenitor theory,
which upon undergoing fission, yields as one of its decay products, the theory of line (3.1).
The first step in establishing this claim is to consider possible tensor branch flows of the
rank k orbi-instanton theories, with partial tensor branch description:
[E8],
gmax
1 ,
gmax
2 , ...,
gmax
2︸ ︷︷ ︸
k
, [Gmax]. (3.10)
This sort of blowing up procedure can either take place at the curves listed above, or on
a curve associated with 6D conformal matter (3.2) between the listed gauge groups on the
partial tensor branch. It is enough to consider just blowups of the −1 curve, as well as
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links on the left and right of the quiver. If we blowup the −1 curve on the very left of the
diagram, we trigger a tensor branch flow to the theory of k M5-branes at the ADE singularity
C2/ΓADE, which can then undergo further Higgs branch flows. Additionally, we can instead
consider a blowup of the 6D conformal matter.
Since the structure of the partial tensor branch of (3.10) has a clear repeating structure,
we see that upon considering a fission process from the orbi-instanton theories, it suffices to
leave k arbitrary, in which case the number of blowups (namely the number of independent
real scalars in tensor multiplets which have non-zero vev) is either zero, one, or two.
After this, we can ask what sort of homplex deformations we can take on the left and
right sides of the resulting theory.
• On the right-hand side of the tensor branch deformation, we have, after our tensor
branch deformation, some choice of right flavor symmetry algebra, which we label as gR.
The sequence of curves after the right-most copy of gmax will look like an “incomplete”
version of one of the conformal matter chains in (3.2). If for example gmax = e8, a
possible sequence of curves would be . . . ,
e8
(12), 1, 2,
sp1
2 ,
g2
3 , 1, [F4]; then gR = f4. In this
case, homplex deformations correspond to a choice of homomorphism su(2)→ f4.
• On the left-hand side, the particular homplex deformation we consider will depend
on the tensor branch deformation which preceded it. If we have retained the original
−1 curve theory on the left, we need to specify the homplex deformation by a discrete
homomorphism Γmax → E8 with Γmax the ADE subgroup of SU(2) uniquely associated
with the ADE group Gmax. If, however, we have either blown up this −1 curve or any
curve in the 6D conformal matter touching the −1 curve, then we have an incomplete
conformal matter chain just like those that can appear on the right, but written in
reverse order. In this case we need to again specify the remnant flavor symmetry
algebra gL and a choice of continuous homomorphism su(2)→ gL.
The possible incomplete chains along with the corresponding flavor symmetries are listed
for future reference in Table 1 below, the way they would appear at the left end. The possible
chains appearing at the right end is obtained by reversing the order of the curves.
A nontrivial fact, checked in [50], is that after the first stage of tensor deformations, the
list of theories we obtain covers all the possible A-type endpoints, which have been classified
in [7].
With these encouraging preliminaries in mind, we have checked by inspection of the
resulting quiver-like theories obtained in reference [9] that the vast majority of 6D SCFTs
can therefore alternatively be labeled through the following steps:
1. Select an ADE-type gauge algebra gmax.
2. Select `plat ≥ 1, the number of times gmax appears in the quiver.
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gmax α (β
t) gL (gR) incomplete chain
e8
∅ e8 12231513221
3 f4 13221
4 g2 221
5 su(2) 21
6 1 1
7 1′ ∅
23 g′2 1513221
33 1′′ 513221
24 1′′′ 3221
223 su(2)′ 31513221
2223 1′′′′ 231513221
22223 1′′′′′ 2231513221
e7
∅ e7 12321
3 so(7) 21
4 su(2) 1
5 1 ∅
23 su(2)′ 321
223 1′ 2321
e6
∅ e6 131
3 su(3) 1
4 1 ∅
23 1′ 31
so(2k)
∅ so(2k) 1
3 sp(k − 4) ∅
su(k) ∅ su(k) ∅
Table 1: Choices of gL (gR) as a function of gmax and endpoint α (β
t), where the superscript
t indicates that we reverse the order of the curves by transposition. We also tabulate the
corresponding incomplete chains (or their transpose) appearing after the leftmost (rightmost)
gmax.
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3. For the given gmax, select some gR from (3.2) and an associated nilpotent orbit OR of
gR.
4. For the given gmax, select either some gL from (3.2) and an associated nilpotent orbit
OL of gL or a homomorphism in Γgmax → E8 (if the flow from the progenitor theory
leaves intact the leftmost −1 curve of line (3.10)).
We remark that in Step 4, the resulting homplex deformation naturally splits into two
cases, based on whether or not the blown down −1 curve on the partial tensor branch remains
as part of the 6D SCFT. In the case where this −1 curve is no longer part of the 6D SCFT,
the new endpoint for the theory obtained by successively blowing down all −1 curves is
necessarily non-trivial, and the singular base of the resulting SCFT is an orbifold C2/ΓU(2)
with ΓU(2) a non-trivial finite subgroup of U(2). This leads to some additional refinements
in the resulting fission products which can emerge, which we now describe.
3.3.1 Refinements with a Long A-type Endpoint
Consider then, the theories with a non-trivial long A-type endpoint. Recall that these are
labeled by a sequence of `end integers. For sufficiently large `end, these take the form
α22...22β (3.11)
Where α, β are restricted to be one of the following [7]:
α ∈ {∅, 3, 4, 5, 6, 7, 23, 33, 24, 223, 2223, 22223}
β ∈ {∅, 3, 4, 5, 6, 7, 32, 33, 42, 322, 3222, 32222} (3.12)
Here, ∅ indicates that α or β may be trivial, as in the case of (2, 0) SCFTs, or the worldvolume
theory of a stack of M5-branes probing a C2/ΓADE orbifold singularity with ΓADE ⊂ SU(2)
a finite subgroup.
For sufficiently many curves in the endpoint, namely for `end, such theories exhibit the
“generic” behavior of 6D SCFTs [7, 9]. Theories with a D- or E-type endpoint, as well as
models with shorter endpoints can exhibit “outlier” behavior. We analyze short bases which
fit into the general pattern of fission products in subsection 3.5 and explain how all remaining
outliers are generated via fusion in section 4.
Much as in the more general case where we start from our progenitor theories, we can
label most 6D SCFTs via three steps:
1. Select an ADE-type gauge algebra gmax.
2. Select an A-type “endpoint” configuration.
3. Select a pair of nilpotent orbits OL, OR of gL, gR, respectively.
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As previously mentioned, after the first step of tensor branch deformation (before hom-
plex deformations) one already covers all the possible A-type endpoints. In fact, it was found
in [50] that this is true even without considering the theories with Γmax → E8 homomor-
phisms; there is a one-to-one correspondence between the set of theories with incomplete
conformal matter chains on both sides (before homplex deformations) and the set of the
possible endpoints found in [7]. For long endpoints, this covers in particular all the choices
allowed in line (3.12); the one-to-one correspondence is expressed by the second and fourth
columns of Table 1. The correspondence is still valid for short endpoints: even the outliers
found in [7] are reproduced by that table with a simple formal rule, which we will see in
section 3.5. However, for outlier endpoints homplex deformations with nilpotent orbits on
both sides fail to produce all possible theories, whereas for long enough endpoints they do
produce all theories.
Additionally, we note that complex structure deformations cannot change the endpoint.
So in particular, homplex deformations do not affect the endpoint. This implies that fission
reproduces all the possible endpoints.
Given now an endpoint in (3.11), we associate a gauge algebra to each of the numbers
in the sequence. The allowed ways of doing this were classified in [9]. As we saw in (3.1),
one of the main punchlines of that analysis is that these gauge algebras obey a “convexity
condition,” increasing as one moves from the outside in and reaching a maximum somewhere
in the interior of the sequence. In the present classification, gmax is defined to be the largest
gauge algebra. One then arrives at a 6D SCFT quiver by decorating the above sequence with
additional “links.” For large `end, the quiver is uniquely fixed in the interior, and ambiguities
arise only at the far left and far right. Thus, one of these 6D SCFTs with sufficiently
large `end is labeled by a choice of endpoint, a maximal gauge algebra gmax, and a pair of
decorations, one on the far left and on the far right.
These decorations are classified by nilpotent orbits of gauge algebras [20]. In the case
that α (β) is trivial, decorations on the far left (right) of the quiver are labeled simply by
nilpotent orbits of gmax. This case was analyzed at length in [20], where the one-to-one
correspondence was shown explicitly for all nilpotent orbits in any gmax.
For more general endpoints, these decorations are labeled by nilpotent orbits of some
subalgebra gL, gR ⊂ gmax. Table 1 shows the correspondence between endpoints and subal-
gebras.
We have also checked that the Higgs moduli spaces of homplex deformations obey the
simple rule obtained in [22] for chains of conformal matter theories: namely, that the differ-
ence in Higgs moduli space dimensions dH between the deformed and original theory is given
by
∆dH = dimOL + dimOR . (3.13)
Here, the left-hand side can be computed via its relation to a coefficient in the anomaly
polynomial of the 6D SCFT.
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3.4 Examples
It is helpful to illustrate the above considerations with some explicit examples. This also
shows how non-trivial it is for nearly all 6D SCFTs to descend from such a small class
of progenitor theories. Strictly speaking, we have already established that the primary
progenitors are the orbi-instanton theories, in which case we need to further distinguish
between tensor branch flows which retain the leftmost −1 curve of (3.10) and those which
do not, as this dictates the kind of homplex deformation we are dealing with. Though
technically redundant, it is helpful to also consider separately the fission products from 6D
conformal matter theories i.e. theories of M5-branes probing an ADE singularity. We now
turn to examples of each type.
3.4.1 Fission from the Orbi-Instanton Theories
First, let us consider the case of gmax = su(3), `plat = 5, gR = su(3), OR = [2, 1]. On the
left, consider a homomorphism Z3 → E8 obtained by deleting the third node of the affine
E8 Dynkin diagram. The algorithm of Kac detailed in reference [51] tells us the unbroken
symmetry group, and this was applied in the context of 6D SCFTs in reference [9]. This
homomorphism leaves unbroken a subalgebra e6 × su(3) ⊂ e8, and the resulting 6D SCFT
quiver is:
[E6] 1
su(3)
2
[SU(3)]
su(3)
2
su(3)
2
su(3)
2
su(3)
2
su(2)
2
[Nf=1]
Note that there are five su(3) gauge algebras, corresponding to `plat = 5.
As a second example, let us consider select the theory with gmax = e6, `plat = 3, gR = 1
′
(forcing OR to be trivial), gL = e6, and OL = A2 + 2A1, (labeling a nilpotent orbit by its
associated Bala–Carter label). This corresponds to the theory:
[U(2)]
e6
4 1
su(3)
3 1
e6
6 1
su(3)
3 1
e6
6 1
su(3)
3 (3.14)
There are three e6 gauge algebras, corresponding to `plat = 3. On the left, the flavor symmetry
is indeed U(2), which is the subgroup of E6 left unbroken by the nilpotent orbit A2 + 2A1.
3.4.2 Fission from 6D Conformal Matter
Consider next some examples involving flows from the theories with just −2 curves. As a first
example, we consider theories with gmax = su(m). Such theories necessarily have α = β = ∅,
so we begin with a quiver of the form:
[su(m)]
su(m)
2
su(m)
2 · · ·
su(m)
2︸ ︷︷ ︸
k
[su(m)] (3.15)
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Here, every curve in the endpoint is associated with a su(m) gauge algebra. The intermediate
links between neighboring gauge algebras are simply bifundamentals (m,m), and there are
flavor symmetries su(m)L and su(m)R on the far left and right, respectively. This is the
quiver for the worldvolume theory of k+ 1 M5-branes probing a C2/Zm orbifold singularity.
We may deform this quiver at the far left and far right by nilpotent orbits of su(m). Such
nilpotent orbits are labeled simply by partitions of m. The dictionary between partitions
and deformations of the quiver is as follows: given a pair of partitions µL, µR and labeling
the gauge algebras from left to right as su(m1), ..., su(mk):
su(m1)
2 , ...,
su(m`L)
2︸ ︷︷ ︸
`L
,
su(mmax)
2 , ...,
su(mmax)
2︸ ︷︷ ︸
`plat
,
su(mk−`R+1)
2 , ...,
su(mk)
2︸ ︷︷ ︸
`R
(3.16)
where in the above, we suppress the flavor symmetry factors. Then, the ramps on the left
and right obey:
m1 = (µ
T
L)1, m2 = (µ
T
L)1 + (µ
T
L)2, ... m`L =
`L∑
i=1
(µTL)i
mk = (µ
T
R)1, mk−1 = (µ
T
R)1 + (µ
T
R)2, ... mk−`R+1 =
`R∑
i=1
(µTR)i.
In this case, the statement that the quiver is “sufficiently long,” means it should be long
enough so that the deformations on the left and right are separated by a plateau in which
mi = m.
As a slightly more involved example, we consider the endpoint (3.11) with α = 3, β = ∅:
3 2 2 · · · 2 . (3.17)
We see from Table 1 that both α = 3 and β = ∅ can occur for any gmax 6= su; let us pick
gmax = e6. In this case, since gmax = e6, we must resolve the F-theory base to move to the full
tensor branch of the theory, introducing intermediate conformal matter links (recall (3.2))
between the e6 gauge algebras. A full resolution yields
[su(3)] 1
e6
6 1
su(3)
3 1 · · · e66 1
su(3)
3 1 [e6] (3.18)
in agreement with the last column in Table 1.
We want to consider deformations of this quiver which preserve the endpoint as well as
the gmax = e6 plateau, but which modify the quiver on the far left and far right. On the
far left, such deformations are also labeled by nilpotent orbits of the flavor symmetry, su(3).
Explicitly, we have two possible deformations on the left, corresponding to partitions [2, 1]
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and [3], respectively:
e6
5
[Nf=1]
1
su(3)
3 1 · · · e66 1
su(3)
3 1 [e6] (3.19a)
f4
5 1
su(3)
3 1 · · · e66 1
su(3)
3 1 [e6] (3.19b)
On the far right, since β = ∅, Table 1 tells us that such deformations are labeled by nilpotent
orbits of the flavor symmetry e6, as shown in the appendix of [20].
Activating these further homplex deformations gives rise for both (3.19) to a hierarchy
of possibilities, each with a partial ordering in one-to-one correspondence with the partial
ordering of e6 nilpotent orbits.
3.5 Short Bases
The above considerations cover the generic behavior of 6D SCFTs, which in particular covers
all long bases with an A-type endpoint. Even for short bases (i.e. those with a tensor branch
of low rank), some of the cases can be accommodated through extension of patterns observed
with higher rank tensor branches. We define a “short base” as one in which we have a non-
trivial endpoint configuration with 1 ≤ `end ≤ 9.
In section 5 of [7], a handful of apparent “outlying” endpoints were identified in which
the number of curves is less than or equal to nine. For instance, the endpoint (12) clearly
does not fit the pattern of (3.11). However, as observed in Appendix A of [27], even these
apparent outliers can be viewed as limits of endpoints in (3.11). For instance, a single −12
curve is the formal limit of the endpoint 722...27︸ ︷︷ ︸
`end
with `end → 1. To see this, we add e8
gauge algebras and resolve the geometry to move to the full tensor branch of the theory.
The endpoint (12) gives simply
e8
(12). (3.20)
whereas the endpoint 722...27 blows up to
e8
(12) 1 2
su(2)
2
g2
3 1
f4
5 1
g2
3
su(2)
2 2 1
e8
(12) · · ·
e8
(12) 1 2
su(2)
2
g2
3 1
f4
5 1
g2
3
su(2)
2 2 1
e8
(12) (3.21)
We see that this reduces to (3.20) in the limit in which the number of e8 gauge algebras goes
to 1. The rest of the apparent “outliers” behave similarly: in this sense, there are no outlier
endpoints.
The general rule to obtain short endpoints from long ones is as follows [50]. One should
think of outlier endpoints as obtained by “analytically continuing” the number of 2’s in
(3.11) to −1, and by applying the operation . . . x2−1y . . . 7→ . . . (x + y − 2) . . .. This rule
reproduces Table 2 of reference [27]. For example, the outlier endpoint 22228 is obtained
20
by α2−1β for α = 22223 and β = 7. As another example, for α = 7 and β = 7 we obtain
72−17 7→ (7 + 7− 2) = (12), in agreement with the example (3.20)–(3.21) above.
Indeed, most theories at small `end can in fact be given a group-theoretic description as
above, with nilpotent orbits OL, OR overlapping in a nontrivial way. The story is simplest
in the case of gmax = su(m). For concreteness, let us consider the case of `end = 3, so the
quiver takes the form
su(m1)
2
[su(n1)]
su(m2)
2
[su(n2)]
su(m3)
2
[su(n3)]
(3.22)
where max(mi) = m. Here, the [su(ni)] denote flavor symmetries chosen so as to cancel all
gauge anomalies. As before, such theories are labeled by a pair of nilpotent orbits of su(m),
and hence partitions µL, µR of m. Now, however, there is a constraint on these partitions:
the total number of rows in the pair of partitions must be less than or equal to `end + 1 = 4.
To see why, let us take m = 5 and try to set µL = [5], which has 5 rows. From (3.17), we
then have m1 = 1, m2 = 2, m3 = 3, which means that max(mi) 6= m! One might say that
this particular nilpotent orbit has “run out of room:” it requires a longer quiver because it
induces a deformation of the quiver far into the interior. On the other hand, one may take
e.g. µL = [2
2, 1], µR = [2, 1
3] since the total number of rows between these two partitions is
four, leading to the quiver
su(3)
2
[Nf=1]
su(5)
2
[su(3)]
su(4)
2
[su(3)]
(3.23)
For the case of exceptional gmax, pairs of nilpotent orbits can be used to produce some
rather exotic theories at small `end, including those for which all of the gmax algebras are
Higgsed to a subalgebra. For instance, the quiver
1
f4
5 1
g2
3
sp(1)
1 (3.24)
does not look like it fits in with the group-theoretic classification that worked at large `end,
but in fact it may be realized as the `end = 1 limit of the theory with gmax = e7, OL = A′′5,
OR = A1 (again, labeling nilpotent orbits by their Bala–Carter labels):
1
f4
5 1
g2
3
su(2)
2 1
e7
8 · · · e78 1
su(2)
2
so(7)
3
sp(1)
1 (3.25)
This can be verified by computing the anomaly polynomial of the class of theories with
gmax = e7, OL = A′′5, OR = A1 as a function of `end using the prescription of [52] and
analytically continuing to `end = 1.
By taking limits of theories labeled by a pair of homomorphisms, one can produce a
large class of 6D SCFTs with small `end. Along these lines, we now show how all of the
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“non-Higgsable clusters” (NHCs) of [26] arise in this way:
su(3)
3 = lim
`plat→0
su(3)
3 1
su(3)
3 1
e6
6 · · · 1
su(3)
3 1
e6
6
⇒ gmax = e6, `plat = 0,OL ∈ Hom(ΓE6 , E8), gR = 1 (3.26)
so(8)
4 = lim
`end→1
so(8)
4 1
so(8)
4 1 · · ·
so(8)
4 1
so(8)
4
⇒ gmax = so(8), `end = 1, gL = 1, gR = 1 (3.27)
f4
5 = lim
`end→1
f4
5 1
su(3)
3 1
e6
6 · · · 1
su(3)
3 1
e6
6
⇒ gmax = e6, `end = 1, gL = su(3),OL = [3], gR = 1 (3.28)
e6
6 = lim
`end→1
e6
6 1
su(3)
3 1
e6
6 · · · 1
su(3)
3 1
e6
6
⇒ gmax = e6, `end = 1, gL = 1, gR = 1 (3.29)
e7
7
[Nf=1/2]
= lim
`end→1
e7
7
[Nf=1/2]
1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 · · ·
so(7)
3
su(2)
2 1
e7
8
⇒ gmax = e7, `end = 1, gL = su(2),OL = [2], gR = 1 (3.30)
e7
8 = lim
`end→1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 · · ·
so(7)
3
su(2)
2 1
e7
8
⇒ gmax = e8, `end = 1, gL = 1, gR = 1 (3.31)
e8
(12) = lim
`end→1
e8
(12) 1 2
su(2)
2
g2
3 · · ·
g2
3
su(2)
2 2 1
e8
(12)
⇒ gmax = e8, `end = 1, gL = 1′, gR = 1′ (3.32)
g2
3
su(2)
2 = lim
`end→2
g2
3
su(2)
2 1
e6
6 1
su(3)
3 1 · · · 1
su(3)
3 1
e6
6 1
su(3)
3
⇒ gmax = e6, `end = 2, gL = e6,OL = A4 + A1, gR = 1′ (3.33)
g2
3
su(2)
2 2 = lim
`end→3
g2
3
su(2)
2 2 1
e7
8 1
su(2)
2
so(7)
3 · · ·
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2
⇒ gmax = e7, `end = 3, gL = e7,OL = D6(a1), gR = 1′ (3.34)
su(2)
2
so(7)
3
su(2)
2 = lim
`end→3
su(2)
2
so(7)
3
su(2)
2 1
e6
6 1
su(3)
3 1 · · · 1
su(3)
3 1
e6
6 1
su(3)
3
⇒ gmax = e6, `end = 3, gL = e6,OL = D5, gR = 1′ (3.35)
Some of these limits are quite obvious, especially those that produce the −4, −6, −8, and
−12 NHCs. However, the last three limits are highly nontrivial: comparing the anomaly
polynomials on the two sides of the equation requires us to analytically continue to the case
of zero gmax gauge algebras. Remarkably, we find a perfect match between the two sides
after performing this analytic continuation. Note also that the −3 NHC is special in that
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it requires a homomorphism ΓE6 → E8. In the rest of the examples, we have chosen the
convention of measuring the length of the quiver by `end, but we could just have easily used
the `plat convention.
Although the match in anomaly polynomials serves as the primary confirmation of these
limits, another cross-check comes from comparing the global symmetries of the theories. In
particular, the global symmetry of a limit theory always contains the global symmetry of
the theories in the large `plat limit. For instance, all of the above NHCs have trivial global
symmetry, as do the quivers on the right-hand side of (3.26)–(3.35). As another example,
the theory of a stack of M5-branes probing a D4 singularity takes the form
[so(8)] 1
so(8)
4 1
so(8)
4 1 · · ·
so(8)
4 1
so(8)
4 1 [so(8)] (3.36)
which has so(8) ⊕ so(8) global symmetry. The limiting case of a single M5-brane gives the
rank 1 E-string theory,
[e8] 1 (3.37)
Here, so(8)⊕ so(8) ⊂ e8, so indeed the global symmetry of the theory in the small `plat limit
contains the global symmetry of the theory in the large `plat limit. Similarly, the theory in
(3.24) has g2 ⊕ so(13) global symmetry, while the theories in (3.25) have a strictly smaller
g2 ⊕ so(12) global symmetry.
Similar considerations also hold even when the endpoint is trivial. For example, in some
cases, one must analytically continue all the way to a negative number of gmax gauge algebras.
For instance, we may write
sp(2)
1
g2
2
su(2)
2 = lim
`plat→−1
sp(2)
1
so(7)
3 1
so(8)
4 · · · 1
so(8)
4 1
so(7)
3
[su(2)]
su(2)
2 (3.38)
This match requires an analytic continuation to `plat = −1 in the number of so(8) = gmax
gauge algebras. Once again, we stress that this continuation to a negative number of gauge
algebras is merely a formal, mathematical operation. Note also that, unlike in the previous
examples, the g2 gauge algebra that appears in the theory on the left-hand side does not ap-
pear in the infinite family of gauge algebras. Instead, the two so(7) gauge algebras separated
by the chain of so(8)s have merged, in a sense, to become a g2 gauge algebra. Morally, we
have so(7) + so(7)− so(8) = g2. The appearance of a formal subtraction operation suggests
a corresponding role for addition and subtraction of 7-branes in F-theory, as occurs for ex-
ample in K-theory (namely formal addition and subtraction of vector bundles). This would
generalize the K-theoretic considerations for D-branes found in reference [53] to F-theory.
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3.6 An Alternative Classification Scheme
To what extent can the above approaches be considered a complete classification? Using the
classification of “long bases” in appendix B of [9], it is a straightforward exercise to show
that all sufficiently long 6D SCFTs with A-type endpoints listed in (3.11) can be classified
uniquely by the gauge algebra gmax as well as a pair of nilpotent orbits OL, OR of Lie algebras
gL, gR, where these Lie algebras are the maximal flavor symmetry on the left and right of the
quiver, respectively, for the given endpoint and given choice of gmax. Similarly, all sufficiently
long 6D SCFTs with trivial endpoints can be uniquely classified by the gauge algebra gmax,
a discrete homomorphism Γ→ E8, and a nilpotent orbit OR of the Lie algebra gR.
However, we will show in section 4 that there seem to be outliers that do not fit into the
above schemes for `end ≤ 10, `plat ≤ 8. When `plat ≥ 9, however, every known 6D SCFT
can be given a unique description. Measuring the size of a theory by `plat, we see that the
overwhelming majority of 6D SCFTs can be classified using group theory.
Even for theories with long A-type endpoints `end ≥ 11, there are subtleties. This occurs
primarily when the rank of the flavor symmetry algebra also becomes large, and is comparable
to `end, as can happen in the case of classical flavor symmetry algebras of su, so and sp type.
For example, while every 6D SCFT with a long A-type endpoint admits a group-theoretic
description, this choice is not necessarily unique, and some pairs of nilpotent orbits might
not be allowed for a given endpoint. This happens when the endpoint is too short relative
to the size of the breaking pattern for the flavor symmetries. In such cases the nilpotent
deformation on the left-hand side of the quiver can overlap with the nilpotent deformation on
the right-hand side of the quiver. For example, this can occur for nilpotent orbits of su(m)
when m becomes comparable to `end, and similar considerations apply for the so and sp cases
as well. Note, however, that even in this case, the analytic continuation of certain generic
patterns allows us to also cover a number of “short” (relative to the size of the nilpotent
orbits) bases in the same sort of classification scheme. This again indicates that nearly all
6D SCFTs can be labeled in terms of simple algebraic data.
There are some outliers that still resist inclusion in this sort of classification scheme. As
we now show, however, even these cases are closely connected to the fission products of our
orbi-instanton progenitor theories.
4 All Remaining Outliers from one Step of Fusion
It is rather striking that the vast majority of 6D SCFTs all descend from a handful of
progenitor orbi-instanton theories. As we have already remarked, even theories with a low
dimension tensor branch can often be viewed as limiting cases. But there are also some
outliers which do not fit into such a taxonomy. Rather, such theories should better be
viewed as another class of progenitor theories. This includes models with a small number of
curves, as well as models with a D- or E-type endpoint.
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In this section we show that aside from the ADE (2, 0) theories, all of these outliers
are obtained through the process of fusion, in which we take possibly multiple decoupled
6D SCFTs and gauge a common non-abelian flavor symmetry, pairing it with an additional
tensor multiplet, and move to the origin of the new tensor branch moduli space. The (2, 0)
theories can all be reached by performing a Higgs branch deformation of (1, 0) theories with
the same endpoint configuration of −2 curves.
In some sense, the gluing rules for NHCs given for general F-theory backgrounds in
reference [26] and developed specifically for 6D SCFTs in reference [7] already tell us that
since all NHCs are fission products, we can generate all 6D SCFTs via fusion. The much
more non-trivial feature of the present analysis is that after just one step of fusion all outlier
6D SCFTs (that is, those theories not obtained from fission of the orbi-instanton theories)
are realized. The main reason to expect that something like this is possible is to observe that
in nearly all configurations, a curve typically intersects at most two other curves, and rarely
intersects three or more. In those cases where a curve intersects three or more curves, it
necessarily has a gauge group attached to it, and this is the candidate “fusion point” which
after blowup, takes us to a list of decoupled fission products obtained from our progenitor
orbi-instanton theories. Indeed, the appearance of such curves is severely restricted in 6D
SCFTs, and this is the main reason we should expect a single fusion step to realize all of our
outlier theories.
In this section we first establish that there are indeed theories which cannot be obtained
from fission of the orbi-instanton progenitor theories. After this, we show that all of these
examples (as well as many more) can be obtained through a simple fusion operation. While
we have not performed an exhaustive sweep over every 6D SCFT from the classification of
reference [9], we already see that outlier theories exhibit some structure, and within the
corresponding patterns, we find no counterexamples to the claim that all 6D SCFTs are
products of either a single fission operation or fission and then a further fusion operation.
4.1 Examples of Outlier Theories
We now turn to some examples of outlier theories. The reason all of these examples can-
not be obtained from a progenitor orbi-instanton theory has to do with the structure of
the anomaly polynomial for the orbi-instanton theories, and the resulting tensor branch /
homplex deformations. As obtained in [22], all the descendant anomaly polynomials exhibit
a clear pattern which also persists upon “analytic continuation” in the parameters `plat and
`end. While that paper focused on the case of nilpotent orbit deformations, the statement
also holds for the case of discrete homomorphisms Γ → E8. Thus, for a given gmax, we
can select two homplex deformations–one on the left and one on the right–and compute the
anomaly polynomial of the resulting family of theories as a function of `plat. For instance,
for gmax = e8, focusing on the theories with trivial endpoint, there are 70 nilpotent orbits of
e8 and 137 homomorphisms ΓE8 → E8 [48]. This means there are 70 × 137 = 9590 families
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of theories to consider, each of which is parametrized by `plat. If we instead focus on theories
labeled by a pair of e8 nilpotent orbits, which necessarily have endpoint 22...2, we have (by
left-right symmetry) 70 × 71/2 = 2485 distinct families of theories parametrized by `plat.
Using a computer sweep, we have computed the anomaly polynomials for all families with
gmax = so(8), so(10), so(12), e6, e7, and e8 as a function of `plat. We find that there exist
apparently consistent 6D SCFTs whose anomaly polynomials do not appear in any of the
families indexed by `plat, even allowing for analytic continuation to `plat ≤ 0.
Let us illustrate with explicit examples of such SCFTs. Consider, for instance, gauging
the E8 flavor symmetry of the rank-10 E-string theory:
e8
(12) 1 2 2 2 2 2 2 2 2 2 (4.1)
This has endpoint 2 and gmax = e8, but there is no way to generate via fission starting from
a progenitor orbi-instanton theory. This becomes especially clear if we add a ramp of su(mi)
gauge algebras:
e8
(12) 1 2
su(2)
2
su(3)
2
su(4)
2
su(5)
2
su(6)
2
su(7)
2
su(8)
2
su(9)
2 [su(10)] (4.2)
The flavor symmetry here is su(10), which is not a subalgebra of e8, hence there is no way
to realize this as the commutant of a nilpotent orbit of e8. The fact that this outlier does
not fit into our previous classification is related to the fact that there is no analogous class
S theory in 4D, as discussed on page 35 of [54].
Some examples can be viewed as the collisions of different singularities. For such exam-
ples, there is some hope that these particular outliers could be labeled by group theoretic
data. In particular, we can view such an outlier as a collision of two homomorphisms. As a
simple example, we start with the `end = 1 e8 theory with OL = OR = A4 + A3:
2 2 2 2 1
e8
(12) 1 2 2 2 2 (4.3)
If we blow down the small instanton chains on the left and right of the −12 curve, we are
left with a −2 curve carrying e8 gauge algebra with two singular marked points indicating
the location where the small instantons were blown down. If we collide these two marked
points, the model becomes even more singular, and the resolution produces the theory in
(4.1).
As a more nontrivial example, we consider the gmax = e8, `plat = 1 theory with OR the
A4 nilpotent orbit of e8 and OL the A2 orbit of f4:
su(1)
2
su(2)
2
su(1)
2 1
e8
(12) 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2 [su(5)] (4.4)
Blowing down the small instanton chains on the left and right, we get a−3 curve supporting a
II∗ fiber, and further singularities at marked points of this curve. Adopting local coordinates
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(s, t), this is described by a Weierstrass model of the form y2 = x3 + fx + g with ∆ =
4f 3 + 27g2, where we have the local presentation:
f = − 1
48
s4 +
1
6
s4t2(− t)4 − 1
6
s4t(− t)2 + s5t5 (4.5)
g =
1
864
s6 +
1
4
s6t4(− t)8 − 5
54
s6t3(− t)6 + 1
72
s6t2(− t)4 + 1
72
s6t(− t)2 + s5t5(− t)4
(4.6)
∆ = s10t5
(
s3
192
+ 27(− t)8t5 + · · ·
)
. (4.7)
Here, the −3 curve is given by {s = 0}, the orbit OL corresponds to the point s = 0, t = ,
and the OR orbit corresponds to the point s = 0, t = 0. Colliding the two singularities then
corresponds to taking → 0. Resolving the singular point t = 0, we get an outlier theory of
the form
e8
(12) 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2
su(5)
2
su(6)
2
su(7)
2
[su(2)]
su(6)
2 [su(5)] (4.8)
We might have expected this result from looking at the original theory in (4.4): the drop-off
in gauge algebra ranks on the left-hand side of (4.4) has been superimposed on the ramp of
gauge algebra ranks on the right-hand side of (4.4).
As another example, if we begin with a 6D SCFT with tensor branch:
su(2)
2
su(2)
2
su(2)
2
su(1)
2 1
e8
(12) 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2 [su(5)] (4.9)
and once again blow down the exceptional divisors, collide the singular points, and resolve,
we expect the resulting theory to be:
e8
(12) 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2
su(5)
2
su(6)
2
su(7)
2
[Nf=1]
su(7)
2
su(7)
2 [su(7)] (4.10)
This can indeed be achieved via the Weierstrass model over a −2 curve with a II∗ fiber and
further singularities at marked points of the curve. Again using local coordinates (s, t) with
the −2 curve at s = 0, the corresponding (f, g,∆) are:
f = − 1
48
s4 + s4t5(− t)2 + 1
6
s4t2(− t)4 − 1
6
s4z(− t)2 (4.11)
g =
1
864
s6 +
1
4
s6t4(− t)8 − 5
54
s6t3(− t)6 + 1
72
s6t2(− t)4 + 1
72
s6t(− t)2 + 2s5t5(− t)5
(4.12)
∆ = s10t5(− t)2
(
s2
192
+ 108(− t)8t5 + · · ·
)
. (4.13)
Outliers can be more complicated, however; they do not always seem to arise in this
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manner of colliding singularities. Consider, for instance, a chain of four e6 gauge algebras,
and add a small instanton to the second one:
e6
6 1
su(3)
3 1
e6
6
1
1
su(3)
3 1
e6
6 1
su(3)
3 1
e6
6 (4.14)
Performing two iterations of blowing down the −1 curves, we find a configuration of the
form:
4124 (4.15)
We see why this theory cannot be realized as the limit of an infinite family: this would
require a large number of e6 gauge algebras, which would blow down to
4122...22︸ ︷︷ ︸
`2
4. (4.16)
But such configurations are only valid when `2 < 3; at larger values the intersection pairing
ceases to be negative definite. We have checked that this theory is indeed an outlier by
computing the anomaly polynomials for all theories labeled by a pair of homomorphisms with
gmax = so(2m), en, using the theories computed in [48]. For a given pair of homomorphisms
and a given gmax, we analytically continue to `plat ≤ 0. The anomaly polynomial for the
theory in (4.14) never appears in the list of analytic continuations, showing that this theory
truly is an “outlier”: it cannot be produced by the process of “fission” described previously.
This is an example of a larger set of outliers, which blow down to some configuration of
the form
α12...2β (4.17)
with α, β representing some configurations of curves of self-intersection −2 or below. For
instance, we may have
su(3)
3 1
e6
6 1
su(3)
3 1
f4
5 1
su(3)
3 1
e6
6 1
su(3)
3 1
e6
6 (4.18)
This blows down to
23124 (4.19)
Similarly, we can consider
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
7 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
g2
3
(4.20)
This blows down to
512232 (4.21)
In section 3, we claimed that our classification gives the complete set of 6D SCFTs for
28
`end ≥ 11, `plat ≥ 9. We now see where these numbers come from: consider the set of outliers
in (4.17) with gmax = e8, and take α = β = 22223. This blows down to an outlier with
endpoint 2222222222, which has `end = 10. Similarly, taking α = β = 7 gives an outlier
with `plat = 8 e8 gauge algebras. These appear to be the largest outliers, so for `end and `plat
above this, every theory fits into our classification strategy.
4.2 Fusion Products
All of the outlier theories we have seen so far fall under the same pattern: we take one or
more “fission” 6D SCFT and gauge a common flavor symmetry. In the case of (4.8), for
instance, we gauge an e8 flavor symmetry:
[e8] 1
su(1)
2
su(2)
2
su(3)
2
su(4)
2
su(5)
2
su(6)
2
su(7)
2
[su(2)]
su(6)
2 [su(5)] (4.22)
In (4.14), we gauge the common e6 flavor symmetry of three fission products to produce a
single fusion product:
e6
6 1
su(3)
3 1 [e6] ⊕ [e6] 1
su(3)
3 1
e6
6 1
su(3)
3 1
e6
6
[e6]
1
[su(3)]
(4.23)
Typically, a given theory may result from fusion in multiple ways. To get the theory of
line (4.20), we can gauge the leftmost e7 flavor symmetry of the fission:
[e7] 1
su(2)
2
so(7)
3
su(2)
2 1
e7
7 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
g2
3
(4.24)
or we can gauge the common flavor symmetry of the two fission products:
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1 [e7]⊕ [e7] 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
so(7)
3
su(2)
2 1
e7
8 1
su(2)
2
g2
3
(4.25)
This illustrates that for theories with A-type (and trivial) endpoints, various outlier
theories can all be realized via fusion operations. Let us now turn to theories with D- and
E-type endpoints.
4.2.1 D- and E-type Endpoints
6D SCFTs with D- and E-type endpoints are distinguished by the presence of a trivalent
node that remains even after blowing down all −1 curves of the base. We now show that
(excluding the (2,0) SCFTs), these theories can also be produced by the aforementioned
process of “fusion,” where we gauge the flavor symmetry associated with the trivalent node.
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As in the A-type case, we begin by looking at long endpoints i.e. those with large `end. At
sufficiently large `end, the possible 6D SCFTs are very limited. Clearly, there are no E-type
endpoints for large `end. For D-type endpoints with gmax = su(2m), we have
su(m)
2
su(m)
2
su(2m)
2
su(2m)
2 · · ·
su(m`end−3)
2
su(m`end−2)
2 (4.26)
Here, the possible choices of mi at the right-hand side of the quiver are determined by
partitions of 2m, as in the A-type case. The choices of mi at the left-hand side of the quiver
are uniquely fixed for large `end. The only other option is gmax = e6. In this case, we have a
tensor branch description:
su(3)
3 1
su(3)
3
1
e6
6 1
su(3)
3 1 · · · (4.27)
The left-hand side is fixed, while the right-hand side is simply the right-hand side of an
A-type quiver with `end large, gmax = e6, so it is labeled in terms of an appropriate nilpotent
orbit.
At small `end, there are theories that do not fit into the above families of 6D SCFTs. For
instance, for the endpoint of type D4:
2
2
22 (4.28)
we have a variety of theories such as:
g2
3
su(2)
2 1
g2
3
su(2)
2
1
e8
8 1
su(2)
2
g2
3 (4.29)
In all cases, we can realize these theories as fusions of three fission products by gauging
the common flavor symmetry. For (4.26), we gauge the common su(2m) of:
su(m)
2
[su(2m)]
su(m)
2 [su(2m)] ⊕ [su(2m)]
su(2m)
2 · · ·
su(m`end−3)
2
su(m`end−2)
2 (4.30)
For (4.29), we gauge the common e7 of:
g2
3
su(2)
2
1
[e7]
30
g2
3
su(2)
2 1 [e7] ⊕ [e7] 1
su(2)
2
g2
3 (4.31)
This method of fusion does not work for the (2, 0) theories of D- and E-type, since these
theories do not have gauge symmetries. Nevertheless, they can be reached rather easily from
a Higgs branch flow involving a (1, 0) theory with the same endpoint. Neglecting this trivial
case, all (1, 0) SCFTs with D- and E-type endpoints are fusion products.
Putting all of the pieces together, we see overwhelming evidence that all 6D SCFTs are
generated by at most one step of fission and one step of fusion.
5 Towards the Classification of 6D RG Flows
In this section we explain how the results of the previous section point the way towards a
classification of 6D RG flows. Starting from a UV fixed point, suppose there is a supersym-
metric deformation which generates a flow from a UV fixed point to an IR fixed point. We
claim there is then a flow where we first perform a tensor branch deformation and then a
Higgs branch flow. The reason such a factorization is possible is simply because a complex
structure deformation cannot alter the singular base of a 6D SCFT, namely C2/ΓU(2) with
ΓU(2) a finite subgroup of U(2). For this reason, to perform a flow to a less singular model,
we can always first do the Ka¨hler deformations of the base, and then hold fixed the new
singular base. Of course, there may be other trajectories in which we alternate back and
forth between tensor and Higgs branch flows.
In the previous sections, we showed that there is a remarkably streamlined way to label
6D SCFTs, namely as the products of fission and fusion starting from a small set of progenitor
theories. Based on this simple algebraic taxonomy, and given the fact that such algebraic
structures also come with a canonical partial ordering, this leads to a partial classification
of 6D RG flows. The main idea here is that we look at nilpotent elements in the semi-
simple flavor symmetry gL × gR (rather than just one factor), and order the orbits O′ ≺ O
whenever O′ ⊆ O. This partial ordering on nilpotent orbits then corresponds to the ordering
of theories under RG flows, with the UV fixed point labeled by the smaller orbit [20].
While there is a known partial ordering for nilpotent orbits, it is still evidently an open
question as to whether there is a corresponding partial order on homomorphisms ΓADE → E8,
with ΓADE a finite subgroup of SU(2).
7 Turning the discussion around, we see that the
natural partial ordering suggested by complex structure deformations of an F-theory model,
or equivalently Higgs branch flows of the 6D SCFT, actually motivates a partial ordering
for the corresponding algebraic structure. Some aspects of this physically motivated partial
ordering were already noted in section 2. For those discrete group homomorphisms which
define the same orbit in E8 as a continuous homomorphism su(2)→ e8 and its exponentiation
to the Lie group, we can simply borrow the partial ordering on nilpotent orbits for e8. The
7We thank D. Frey and E. Witten for helpful discussions on this point.
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complications arise from the fact that not all discrete group homomorphisms lift in this way.
An analysis of how to order these other cases is beyond the scope of the present work.
But in addition to these specialized Higgs branch deformations, there is also a broader
class of complex structure deformations that do not appear to correspond to any homplex
deformation. Rather, they are associated with semi-simple elements of the flavor symmetry
algebra, that is, deformations valued in the Cartan subalgebra of a flavor symmetry.8 The
way this works in practice is that we identify a common Cartan subalgebra for a pair of
flavor symmetry factors, and perform a brane recombination with respect to these factors.
It is essentially a generalization of brane recombination moves for conformal matter such
as [8, 17]:
y2 = x3 + s5t5 → x3 + (st− r)5. (5.1)
Although these are straightforward to identify in the minimal Weierstrass model, there is
apparently no canonical partial ordering available just from the structure of a Lie algebra.
Physically, however, there is a natural structure, as dictated by the way these semi-
simple deformations induce Higgs branch flows. The key difference between semi-simple
deformations and nilpotent deformations is that in a sufficiently long progenitor theory, a
nilpotent deformation eventually terminates, namely it leaves intact the interior algebra
gmax found on a partial tensor branch. By their very nature, we see that in a semi-simple
deformation, even satisfying the triplet of D-term constraints for the gauge groups of the
partial tensor branch of a progenitor theory correlates the vevs for conformal matter, so
the deformation propagates across multiple nodes of a quiver-like theory. In terms of the
partial tensor branch description given by a generalized quiver, we identify a common u(1)r
subalgebra for a pair of flavor symmetry factors. Next, we draw the minimal path on
the quiver between these flavor symmetries. For each gauge group factor of the quiver
which is part of the path, the semi-simple deformation leads to a breaking pattern for the
corresponding flavor group to g′i × u(1)r ⊂ gi, but leaves the other gauge groups and flavor
symmetry factors unchanged.
In general, there are two kinds of semi-simple deformations which are clearly different in
the limit of a sufficiently long quiver. First, there are those which are localized at one end of
the quiver. This can happen if a previous nilpotent deformation generates a flavor symmetry
with at least two flavor symmetry factors on one side of the quiver. For these cases, there is
a clear connection to a nilpotent deformation, and this fits with the fact that each nilpotent
element µ ∈ gflav canonically defines a generator of the Cartan subalgebra via [µ, µ†].
Second, there are those deformations which are not localized, namely they stretch from
one side of the quiver to the other. These cases cannot be associated with a nilpotent
deformation (which eventually terminates in the interior of the quiver), and so in this sense
are genuine examples of semi-simple deformations.
8Let us note that in the case of U(1) flavor symmetries, additional care is needed because a single U(1)
may act on flavors localized at different nodes of the generalized quiver. In this case, identifying a common
U(1) really involves specifying particular flavor fields.
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Let us illustrate how this works in a few examples. Consider, for example, the quiver:
su(2)
2 ,
su(3)
2
[S(U(1)1×U(1)2)]
,
su(3)
2 , ...,
su(3)
2 , [SU(3)] (5.2)
which we obtain from a nilpotent deformation of the related quiver with all su(3) gauge
algebra factors. The notation [S(U(1)1 × U(1)2)] reflects the fact that according to the
computation of flavor symmetries performed in [20], the flavor symmetry actually has a
single U(1). This flavor symmetry is delocalized in the sense that it is shared by the two I1
loci which intersect the partial tensor branch. For some additional discussion on U(1) flavor
symmetries in F-theory which do not use the additional data provided from field theory, see
e.g. [55, 56].
In this case, we can activate a semi-simple deformation by drawing a path between the
two U(1) flavor symmetry factors, or by drawing a path between one of the U(1) factors and
the right-hand side SU(3) flavor symmetry factor. The resulting deformed theory for these
three cases is:
Path(U(1)1, U(1)2) :
su(1)
2 ,
su(2)
2 ,
su(3)
2
[SU(1)]
, ...,
su(3)
2 , [SU(3)] (5.3)
Path(U(1)1, SU(3)) :
su(1)
2 ,
su(2)
2
[SU(1)]
,
su(2)
2 , ...,
su(2)
2 , [SU(2)] (5.4)
Path(U(1)2, SU(3)) : [SU(2)],
su(2)
2 ,
su(2)
2 ,
su(2)
2 , ...,
su(2)
2 , [SU(2)] (5.5)
Let us further note that the first possibility is localized on one side of the quiver, and can
be alternatively viewed as being generated from a nilpotent deformation of the quiver with
all su(3) gauge algebras.
Consider next a generalized quiver with partial tensor branch description:
[g0]− g1 − ...− gk − [gk+1]. (5.6)
We can activate a semi-simple deformation by tracing a path from the very left to the very
right. After the semi-simple deformation, this yields:
[g′0]− g′1 − ...− g′k − [g′k+1], (5.7)
with g′i × u(1)r ⊂ gi for i = 0, ..., k + 1.
In all these cases, we see there is a clear notion of partial ordering for semi-simple de-
formations based on containment relations for the gmax algebras which are left unbroken by
the deformation.
Putting this together, we can also split up a complex structure deformation for a generic
quiver-like theory splits into two pieces:
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• First, perform a semi-simple deformation.
• Second, perform a homplex deformation.
This supplements the notion of fission developed here. Note that in the second step, the
homplex deformation is in some sense inherited from the parent flavor symmetry.
Classifying which pairs of theories can be connected by Higgs branch flows then reduces
to a mathematical question of determining which nilpotent orbits of an algebra (after a
semi-simple deformation) lift to a nilpotent orbit in the parent algebra. If the lift of some
nilpotent orbit O′ of g′0 is contained in the closure of an orbit O of g0, there will be an RG
flow involving a semi-simple deformation (and possibly a further homplex deformation) from
the theory labeled by O to the theory labeled by O′.
5.1 Examples
It is helpful to illustrate the above considerations with some explicit examples. To see how
semi-simple deformations enter the analysis of RG flows, consider the worldvolume theory
of k M5-branes probing a C2/ΓE8 singularity. The partial tensor branch for this theory is:
[E8]
e8
2 · · · e82︸ ︷︷ ︸
k−1
[E8]. (5.8)
Here, k − 1 is the number of e8 gauge algebras in the quiver. The F-theory model for the
corresponding 6D SCFT can be described by the intersection of 6D conformal matter with
an Ak−1 singularity:
(y2 = x3 + S5T 5) ∩ (ST = W k). (5.9)
We can also work in terms of covering space coordinates (s, t) on C2, namely we write:
y2 = x3 + s5t5 and (s, t) ∼ (ωs, ω−1t) with ω = exp(2pii/k). (5.10)
The two coordinate systems are related via the Zk invariant combinations:
sk = S, tk = T , st = W . (5.11)
Now, we can perform a complex structure deformation by passing to the model:
(y2 = x3 + S5T 5 + ε(S3T 3)x) ∩ (ST = W k), (5.12)
so we instead have a collision of two E7 singularities at the Ak−1 singularity. In terms of the
M5-brane picture, the new partial tensor branch is:
[E7]
e7
2 · · · e72︸ ︷︷ ︸
k−1
[E7]. (5.13)
34
We observe that for k sufficiently large, there is no pair of nilpotent orbits available which
can produce a flow to this sort of theory. It seems to be a perfectly consistent deformation
of a 6D SCFT, however, and so such cases must be addressed in a full analysis of 6D RG
flows.
Provided we confine our attention to one particular kind of flow, we can separately classify
the tensor branch, nilpotent, and semi-simple deformations. The challenge comes when we
try to combine these three types of deformations. If we first perform a tensor branch flow,
we effectively change the endpoint of the configuration. For instance, we might take the
rightmost six curves in the quiver to infinite size, yielding
[f4] 1
g2
3
su(2)
2 2 1
e8
(12) · · · 1 2
su(2)
2
g2
3 1
f4
5 1
g2
3
su(2)
2 2 1 [e8] (5.14)
The result is a quiver with endpoint 322...2. Now, nilpotent deformations on the left-hand
side of the quiver are labeled by nilpotent orbits of the flavor symmetry f4 rather than e8.
A semi-simple deformation of this theory will once again yield a chain of e7 gauge algebras.
Now, however, the endpoint of the UV theory is 322...2, so the IR theory must also have
endpoint 322...2.
The most complicated combination of flows is one in which we first perform a nilpotent
deformation followed by a semi-simple deformation. Note that this is the reverse of the steps
listed below line (5.7). To get a full characterization of RG flows, however, we need to be
able to cover such situations as well.
It is simplest to see how this works in the case of k M5-branes probing a C2/Zm singu-
larity:
[su(m)]
su(m)
2
su(m)
2 · · ·
su(m)
2︸ ︷︷ ︸
k−1
[su(m)] (5.15)
In this case, nilpotent deformations are labeled by partitions of m. Suppose we first deform
the left side of the quiver by some µ
(m)
L (where the superscript indicates that µL is a partition
of m) and then perform a semi-simple deformation taking m → m − 1 everywhere in the
quiver. What happens to the left-hand side of the quiver?
Our claim is that this sequence is equivalent to first performing the semi-simple deforma-
tion taking m → m − 1 and then deforming the left-hand side of the quiver by a nilpotent
orbit O(m−1)L of su(m − 1), with O(m−1)L given by the maximal restriction of O(m)L to the
subalgebra su(m − 1) ⊂ su(m) left unbroken by the semi-simple deformation (we ignore
additional u(1) factors retained by the semi-simple deformation). In the present case, we
arrive at the partition µ
(m−1)
L by simply deleting the last box in the partition (µ
(m)
L )
T . So,
for instance, for m = 4, µ
(m)
L = [2, 2], we have µ
(m−1)
L = [2, 1]. For m = 7, µ
(m)
L = [3, 2
2], we
have µ
(m−1)
L = [2
3]. From the perspective of the SCFT quiver, we have
su(2)
2
su(4)
2
[SU(2)]
su(4)
2 · · · →
su(2)
2
[Nf=1]
su(3)
2
[Nf=1]
su(3)
2 · · · (5.16)
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su(3)
2
su(6)
2
[SU(2)]
su(7)
2
[Nf=1]
su(7)
2 · · · →
su(3)
2
su(6)
2
[SU(3)]
su(6)
2
su(6)
2 · · · (5.17)
Similar considerations apply for the case of M5-branes probing a C2/ΓDm singularity.
Nilpotent orbits are labeled by D-partitions of 2m, which are partitions of 2m subject to
the requirement that any even number in the partition must appear an even number of
times. Performing a nilpotent deformation labeled by some D-partition µ
(2m)
L of 2m followed
by a semi-simple deformation m → m − 1 is equivalent to first performing the semi-simple
deformation followed by a nilpotent deformation labeled by a D-partition µ
(2m−2)
L , which is
obtained by subtracting the last two boxes of (µ
(2m)
L )
T . The resulting partition µ
(2m−2)
L will
still be subject to the constraint that each even entry appears an even number of times. For
instance, for 2m = 10, µ
(2m)
L = [3
2, 22], we have µ
(2m−2)
L = [2
4]. For 2m = 14, µ
(2m)
L = [5, 4
2, 1],
we have µ
(2m−2)
L = [4
2, 3, 1].
A similar story holds when we have an sp-type flavor symmetry algebra, which arises
after deforming the theory of M5-branes probing a C2/ΓDm singularity by taking a −1 curve
to infinite size. Here, nilpotent orbits of sp(m) are labeled by a C-partition of 2m, which is a
partition of 2m subject to the constraint that any odd number in the partition must appear
an even number of times. Once again performing a nilpotent deformation labeled by some
C-partition µ
(2m)
L of 2m followed by a semi-simple deformation m → m− 1 is equivalent to
first performing the semi-simple deformation followed by a nilpotent deformation labeled by
a C-partition µ
(2m−2)
L , which is obtained by subtracting the last two boxes of (µ
(2m)
L )
T .
Combinations of semi-simple and nilpotent deformations in theories with exceptional
algebras do not have such a simple description in terms of partitions. In addition, we do not
presently have a systematic classification of Higgs branch flows involving theories constructed
by fusion. Quite possibly, such RG flows can be understood by determining all ways fusion
can be used to generate such a theory. Then, the problem would reduce to the study of RG
flows for each of the decay products which were fused to produce this fusion product. We
leave such issues for future work.
6 Conclusions
In this paper we have taken some steps in classifying supersymmetric 6D RG flows, showing
that the vast majority of 6D SCFTs can either be viewed as the products of fission from a
small class of progenitor theories. The remaining small number of theories can be viewed
as fusion products from this fissile material. At the very least, this leads to an alternative,
more algebraic classification scheme which significantly streamlines the rather rigid structure
observed in the classification results of references [7–9]. More ambitiously, this clear hierarchy
of theories points the way to a corresponding stratification of 6D SCFTs. This is much
more data than simply assigning a “height function” to each 6D SCFT (namely the Euler
conformal anomaly). In the remainder of this section we detail some potential areas for
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future investigation.
It is remarkable that so many Higgs branch flows can be associated with group theo-
retic homomorphisms into some flavor symmetry algebra. But we have also seen that some
complex deformations do not admit such an interpretation, and are instead associated with
semi-simple elements of the flavor symmetry algebra. It would clearly be worthwhile to sys-
tematize the associated flows generated by such deformations, and in particular, the effects
of the most general algebraic deformations coming from a combination of semi-simple and
nilpotent elements of a flavor symmetry algebra.
One of the interesting results of the present work is that when the number of maximal
gauge algebras on the partial tensor branch is sufficiently large, we have a uniform char-
acterization of the resulting theories as fission products of a small class of UV progenitor
theories. With this in mind, it would be very interesting to study the holographic RG flows
associated with fission of 6D SCFTs.
On the other hand, not all theories with a small number of gauge algebras on the tensor
branch can be realized as fission products: some of them are “fusions” of one or more such
products, in which a common flavor symmetry is gauged. We have carefully checked that
such fusions exist, but we have not found any examples of 6D SCFTs that require more than
one such fusion. A systematic classification of fusion products and their RG flows would be
desirable.
The appearance of an interface between data on the left-hand and right-hand sides of
our generalized quivers naturally suggests an interpretation of the degrees of freedom of 6D
SCFTs as edge modes localized on a defect in a higher-dimensional topological theory, much
as in [57]. It would be very interesting to see whether this observation can be extended to
all 6D SCFTs. This would likely also provide additional insight into topological aspects of
6D SCFTs.
Another natural application of the present work is in the study of compactifications of 6D
SCFTs to lower dimensional theories. Indeed, precisely because so many of these 6D SCFTs
arise from a simple class of UV progenitors, it is enough to understand the compactification
of these progenitors, and the effects of 6D RG flows on their lower-dimensional counterparts.
Moreover, since the outlier theories arise from fusion operations, which are again a canonical
operation in lower dimensional theories, this also paves the way to potentially understanding
compactifications of all 6D SCFTs in a rather uniform fashion.
Finally, there is the original ambitious motivation for the present work: the classification
of supersymmetric 6D RG flows. Here we have seen that much of this structure can be
boiled down to simple algebraic data. It would be quite interesting to take even these partial
results and re-interpret them in Calabi-Yau geometry. Indeed, it is likely that much as in
the earlier work on the classification of 6D SCFTs, a full classification of such RG flows will
involve a tight interplay between algebraic and geometric data.
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